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ABSTRACT. We survey classical results and recent developments that show
how differential topology shapes our understanding of asymptotic stability of
equilibria in dynamical systems.

1. INTRODUCTION

1.1. Motivation and scope. This paper surveys aspects of asymptotic stability
of dynamical systems where differential topology plays a crucial role. The author
is very happy to dedicate this paper to Stephen Smale, whose foundational ideas
and results in differential topology are central to Sections 4 and 5.

Roughly speaking, an equilibrium point of a dynamical system is asymptotically
stable if trajectories starting near the equilibrium remain near and converge to the
equilibrium asymptotically in time [BS70, HS74]. Thus, asymptotic stability models
robust steady-state behavior of a type desirable for many real-world systems.

A number of fundamental questions concerning asymptotic stability have been
answered using methods of differential topology, the study of global properties of
smooth manifolds and maps [Abr63, Mil97, Hir94, Kos93, Wall6]. The goal of
this survey is to explain such results and relationships between them, which are
perhaps not so widely known. Along the way, we give or sketch a number of proofs
to illustrate the role of differential topology in stability theory. To the author’s
knowledge, Proposition 5 is new.

This paper is not a comprehensive review of stability theory, but a biased tour of
interconnected results showing how differential topology shapes it. We do not dis-
cuss exponential stability [Mas56], time-varying [Mas56, Wil69, Cor92] or discontin-
uous [CLSS97, CLS98] systems, dynamic feedback [BK25], or asymptotic stability
of invariant sets more general than equilibria [Wil67, Wil69, BS70, Man07, Kva23].

1.2. Outline of the paper. In Section 2, we define stability and asymptotic sta-
bility of equilibria, and we discuss Lyapunov’s methods for determining whether
an equilibrium has one of these properties [Lya92]. We then recall the converse
Lyapunov function theorem of Kurzweil and Massera [Kurb6, Mas56]. This pro-
vides a converse to one of Lyapunov’s methods and a bridge between asymptotic
stability and differential topology. Using this and the Poincaré-Hopf theorem
[Poi85, Hop27], we give a short proof of topological necessary conditions for as-
ymptotic stability due to Bobylev and Krasnosel’skil [BK74] and Brockett (see also
[Zab89, KK22]).

In Section 3, following Wilson, we prove that the basin of attraction of an asymp-
totically stable equilibrium is always diffeomorphic to Euclidean space [Wil67].
This statement implies well-known results [BB00], and is an important tool for
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later sections. The proof of this result relies on a theorem of Brown and Stallings
[Bro61, Sta62], whose proof in turn relies on the disc theorem of Palais and Cerf
[Pal60, Cer61]. Since the disc theorem appears again in Section 5, we illustrate its
use by giving Milnor’s proof of the Brown—Stallings theorem [Mil64].

In Section 4, we study the topology of level and sublevel sets of Lyapunov func-
tions following Wilson’s methods [Wil67]. The main result asserts that sublevel sets
of smooth proper strict Lyapunov functions are always homeomorphic to discs, and
diffeomorphic to discs in most dimensions; a similar statement holds for level sets
and spheres. This is a combination of earlier observations [Wil67, GSW99, Byr08,
Jon26], and the main work in the proof is done by differential topology. We rely
on Smale’s proof of the topological Poincaré conjecture for smooth manifolds in di-
mensions greater than 4 and his h-cobordism theorem [Sma61, Sma62], Freedman’s
proof of the topological Poincaré conjecture in dimension 4 [Fre82], the generalized
Schoenflies theorem of Mazur and Brown [Maz59, Bro60], and Perelman’s resolution
of the Poincaré conjecture in dimension 3 [Per02, Per03b, Per03a].

As an application, we prove an extension of the Hartman—Grobman linearization
theorem to nonhyperbolic but asymptotically stable equilibria as in [KS25] (see
also [Col65, Col66, Wil78, GSW99]). Using this result together with the stable
homeomorphism theorem [Kir69, Qui82| (see also [Edw84]), we can then partially
address a question asked by Conley about “continuation” of isolated invariant sets
of dynamical systems [Con78] in Proposition 5, an extension of a recent theorem of
Jongeneel [Jon26].

Having studied various spaces associated with asymptotically stable equilibria,
in Section 5 we turn instead to the study of the function space of all C* vector fields
having a globally asymptotically stable equilibrium, for 1 < k < co. We equip this
space with the compact-open C* topology, the natural choice for our applications
[Hir94, Section 2.1]. Following [Kva25a], we sketch the proof that the space of all
such vector fields has the same weak homotopy type as the nonlinear Grassmannian
of n-discs in R” [GBV14]. From this it follows that the space of C* asymptotically
stable vector fields on R™ is path-connected and simply connected if n # 4,5, and
weakly contractible if n < 4.% We give a proof of this implication, relying heavily on
Smale’s result that the space Diffs(D?) of diffeomorphisms of the 2-disc restricting
to the identity on @D? is contractible [Sma59], Hatcher’s proof of the analogous
Smale conjecture for D3 [Hat83], and Cerf’s proof of the pseudo-isotopy theorem,
in which he developed one-parameter versions of Smale’s handle-theoretic methods
[Cer70].

Following [Kva25a], we then describe applications including parametric asymp-
totically stable “boundary value problems” relevant to feedback stabilization [Son98,
Cor07, Zab20, JM23]. We then return to Conley’s question and mention a smooth
result complementing the topological results of Jongeneel [Jon26] and Proposition 5,
as well as other smooth continuation results of Reineck [Rei91, Rei92] and recently
Mischaikow and Parikh [MP26]. Finally, we give parametric extensions of the re-
sults in Section 4 concerning level and sublevel sets of Lyapunov functions, and
Hartman—Grobman linearization.

It is interesting to note that, for any 1 < k < oo, the space of C* asymptotically stable vector
fields on R is path-connected if and only if the 4-dimensional smooth Poincaré conjecture is true
(see Remark 10), and a similar remark holds for Proposition 4 (see [KS25, Proposition 1]).
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FIGURE 1. Asymptotic stability.

2. ASYMPTOTIC STABILITY AND STABILITY TESTS

Let M be a smooth (C*°) manifold and f a vector field on M defining a system

d
1) b= o= f()
of nonlinear ordinary differential equations. We assume that f is continuous and
uniquely integrable, meaning (1) has a unique maximal solution for each choice
of initial condition z(0). (This is automatic if f is C! or, more generally, locally
Lipschitz.) Let e € M be an equilibrium point or zero, meaning f(e) = 0.

The equilibrium e is stable if, for every neighborhood U of e, there is a neigh-
borhood V' C U of e such that every solution x(t) with x(0) € V is defined and in
U for all t > 0. If V can be chosen so that additionally lim;_, x(t) = e whenever
x(0) € V, then e is asymptotically stable [HS74, pp. 185-186]. See Figure 1.
The equilibrium e is unstable if it is not stable.

How can one determine whether e is asymptotically stable? If f is C!, the sim-
plest test is Lyapunov’s indirect method [Lya92], whose statement below includes
complex eigenvalues of the derivative d.f of f at e (see [HS74, pp. 181, 187]).”

Proposition 1 (Lyapunov). If f is C! and all eigenvalues of d.f have negative
real parts, then e is asymptotically stable. If at least one eigenvalue of d.f has
positive real part, then e is unstable.

Proposition 1 is quite useful, but it provides no information when all of the
eigenvalues have nonpositive real part and at least one has zero real part. This
limitation is addressed by Lyapunov’s direct method [Lya92]. In its statement
below, L denotes the function L(x) = d,L(f(x)) defined where L is differentiable
(see [HS74, p. 193]).

Proposition 2 (Lyapunov). If there is an open neighborhood U of e and a con-
tinuous function L: U — [0, 00) such that

o L71(0) = {e},

e L is differentiable on U \ {e}, and

o L <0onU\{e},
then e is stable. If additionally L < 0 on U \ {e}, then e is asymptotically stable.

A function satisfying the properties in the first sentence of the proposition is
called a Lyapunov function for e, and a strict Lyapunov function if it also

de
2Strictly speaking, these are eigenvalues of Te M J) To, TM =TeM & TeM Pj T.M.
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satisfies the property in the second sentence. Note that there are situations in which
asymptotic stability may be deduced using non-strict Lyapunov functions [LaS60].

A natural question arises: if stability is present, does there always exist a Lya-
punov function certifying it according to Proposition 27 For stability without as-
ymptotic stability, simple examples show that the answer is “no”.

Example 1. It is readily seen that the function f: R — R defined by

f(z) = {61/””2 sin?(r/x), x>0,

0, <0

is smooth and, since f~1(0) = (—o0, 0JU{L: n € N}, 0is a stable but not asymptot-
ically stable equilibrium of & = f(x). However, a Lyapunov function L for 0 cannot
exist: since f > 0 on (=<, 1) for n € N, such an L would satisfy L(—) > L(1)

n+l'n n+m n

for all sufficiently large m,n € N and hence 0 = L(0) > L(--) > 0, a contradiction.

1
n

The situation is different for asymptotic stability. Assume that e is asymptot-
ically stable and let B C M denote its basin of attraction: the largest set for
which every solution x(t) to (1) with x(0) € B is defined for all ¢ > 0 and satisfies
lim; ,oo z(t) = e. Every solution starting in B remains in B, and B is an open
set since solutions depend continuously on their initial conditions [Har82, Theo-
rem V.II.1]. A proper strict Lyapunov function is a strict Lyapunov function
L: B — [0,00) with compact sublevel sets L=1(]0, c]) for all ¢ > 0. The following
partial converse to Proposition 2 was proved separately by Kurzweil and Massera
[Kur56, Mas56].

Theorem 1 (Kurzweil, Massera). If e is asymptotically stable, then a smooth
proper strict Lyapunov function exists.

Thus, when asymptotic stability is present, one can always certify it according
to Proposition 2: a proper strict Lyapunov function always exists. Moreover, such
a function may be chosen smooth (C°°). This does not mean that explicitly finding
such a function is easy. However, it does provide a bridge between asymptotic
stability theory and differential topology that will be exploited in later sections.

There are analogous instability tests based on finding suitable auxiliary functions
([Cheb1, p. 27], [Kra63, Theorem 7.1]). In keeping with the theme of this paper, we
instead conclude this section with topological necessary conditions for asymptotic
stability whose statements do not involve any auxiliary functions.

First, consider any isolated zero z € M of a continuous vector field g on M. Let
@: U — V be a diffeomorphism from an open neighborhood U C M of z to an open
set V C R”, where U contains no other zeros of g. Then dpogop™! is a continuous
vector field on V' corresponding to a map h: V' — R™. The index ind.(g) of g at
z is defined to be the degree [Hir94, p. 124] of the continuous map

h/|h|: 0D — S™71

for any n-disc D C V centered at ¢(z), where S"~! = {z € R": |z| = 1} is the unit
sphere. Tt is independent of the choices made ([Mil97, pp. 32-35], [Hir%4, p. 124]).

Next, recall that the Euler characteristic x (V) of a compact smooth manifold
with boundary N may be defined as the usual finite alternating sum

X(N) = #vertices — #edges + #faces — ...,
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with respect to any finite triangulation [Mun66, Theorem II1.10.6]. We use the fol-
lowing statement of the Poincaré-Hopf theorem [Poi85, Hop27] (see [Mil97, Pug68]).

Lemma 1 (Poincaré, Hopf). Let N be a compact smooth manifold with boundary.
Let g be a continuous vector field on N that points outward on the boundary N

and has only finitely many zeros z1, . .., z,, all contained in the interior of N. Then
m
X(N) = " ind.,(9)-
i=1

The first necessary condition below goes back to Bobylev and Krasnosel’skii
[BK74] (see [KZ84, Theorem 52.1]), and the second is a special case of an extension
[KK22, Theorem 3.2] of one due to Brockett [Bro83, Theorem 1.(iii)] (see Zabczyk
for the continuous case [Zab89, p. 1, Theorem 3]).

Proposition 3. Assume that e is asymptotically stable. Then ind.(—f) = 1. Ad-
ditionally, for any neighborhood U C M of e and any sufficiently small continuous
vector field g on U, there exists y € U such that f(y) = g(y).

Remark 1. In contrast to the first statement, on manifolds of dimension larger
than 2, the index of a smooth vector field at an isolated (non-asymptotically) stable
equilibrium can take any integer value [BV02, Theorem A].

Proof. By Theorem 1, we may choose a smooth proper strict Lyapunov function
L: B — [0,00). Since L is proper, there is ¢ > 0 such that N = L~1([0,c]) C U.
Since dL is nonzero on B\ {e}, the implicit function theorem implies that N is a
compact smooth manifold with boundary, and N = L~1(c).

Letting t — ®(¢,x0) be the maximal solution to (1) satisfying x(0) = z¢ € B,
we obtain a continuous map (¢,z) — ®(¢,x) defined on an open neighborhood of
[0,00) x B in R x B [Har82, Theorem V.2.1]. We have a homotopy I x N — N,

b(1,2), 0<t<1,
e, t=1

(2) (t,2) — {

from idy to a constant map, so it follows that x(N) = 1 [Hat02, Chapter 2].
Since —f points outward on N and the only zero of —f in N is e, it follows
from Lemma 1 that ind.(—f) = x(N) = 1.
Since g — f points outward on N for any sufficiently small continuous vector
field g on U, Lemma 1 also implies that g — f has a zero y in the interior of N for
any such g. In particular, y € U and g(y) = f(y). a

Using the second statement of Proposition 3, it is often easy to prove that an
equilibrium e is not asymptotically stable by producing arbitrarily small vector
fields g satisfying f(x) # g(z) for all  near e. When M = R"™ and f, g are viewed
as R"-valued, considering constant vector fields g yields that e is not asymptotically
stable if f(U) C R™ is not a neighborhood of 0 for any neighborhood U of e. The
latter criterion was introduced by Brockett for the more general problem of feed-
back stabilizability of control systems [Bro83, Theorem 1.(iii)], and the former was
introduced for more general problems in [KK22, Theorem 3.2; see also Section 6.1].

When M = R", f is viewed as R™-valued, and e € R™ is an isolated equilibrium,
the first statement of Proposition 3 is equivalent to the homomorphism

2= H,_y(D\{e}) = H,_1(R"\ {0}) 2 Z
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on singular homology induced by —f being the identity map for any sufficiently
small n-disc D centered at e. Coron made this observation and used it to introduce
a necessary condition for feedback stabilizability of control systems stronger than
Brockett’s [Cor90, Equation (15), Theorem 2, p. 229] (at least in the present setting
[Kva25b]).

See [Son99, JM23] for more on asymptotic stability and feedback stabilizability
tests, and [Wil69, Kell5, FP19, Fat22] for more on converse Lyapunov theorems.

3. BASINS OF ATTRACTION

In this section, following Wilson [Wil67, Section 2], we show that the basin of
attraction of an asymptotically stable equilibrium is diffeomorphic to Euclidean
space. To illustrate techniques of differential topology, we give Milnor’s proof
[Mil64, Lemma 3] of a requisite theorem of Brown and Stallings [Bro61, Sta62].
Here and later, we rely on the disc theorem of Palais and Cerf [Pal60, Cer61].

We recall some definitions. Let M, N be smooth manifolds with boundary, such
as the standard n-disc D" = {x € R": |z| < 1} or unit interval I = [0,1]. A map
F: N — M is a (smooth) embedding if F((N) C M is a smooth submanifold
with boundary [Hir94, p. 30] and F: N — F(N) is a diffecomorphism. A smooth
homotopy H: I x N — M is an isotopy if H; = H(¢t,-): N — M is an embedding
for each ¢t € I, and an ambient isotopy if M = N, Hy = idy;, and H; is a
diffeomorphism for each ¢ € I [Hir94, p. 178].

The following statement of the disc theorem includes a refinement useful for later
purposes [Kos93, Theorem I11.3.6].

Lemma 2 (Palais, Cerf). Let F and G be embeddings of D* into the interior of
a connected smooth n-manifold with boundary M. If Kk = n and M is orientable,
assume that F' and G both preserve, or both reverse, orientation. Then there is an
ambient isotopy H: I x M — M satisfying Hy o F' = G. Moreover, if F(0) = G(0),
then H may be chosen so that H; o F((0) = F(0) for all ¢t € I.

We now prove a smooth version of a theorem of Brown and Stallings [Bro61,
Sta62] following Milnor [Mil64, Lemma 3].

Lemma 3 (Brown, Stallings). Let M be a smooth n-manifold such that each
compact subset of M is contained in an open subset diffeomorphic to R™. Then M
itself is diffeomorphic to Euclidean space.

Proof. Let (K;)$2, be an exhaustion of M by compact subsets K; C M, so that
M =J; K; and K; C Int K; 1, for each i [Leel3, Proposition A.60]. Let Wy C M be
any smooth submanifold with boundary diffeomorphic to D™. Since W7 is compact,
there exists ¢ > 1 such that W7 C Int K,. Our assumption implies that there is a
smooth submanifold with boundary W5 diffeomorphic to D™ such that K, C Int W5
and hence also K7, W; C Int W5. Continuing inductively, we obtain a sequence

WicWycCcWscC---CM

of submanifolds with boundary, each diffeomorphic to D", so that K;, W; C Int W; 4
for all i € N. In particular, M = J, W;.
We will compare this with the sequence

DYy cDycDycC---CcR"

where D} C R™ is the n-disc of radius ¢ centered at 0.
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Fix a diffeomorphism Fj: D} — Wj. Choose a diffeomorphism G: DF — Ws so
that G| Dy and F} have the same orientation as embeddings into W5. Lemma 2 pro-
vides an ambient isotopy H: I x Wy — W, satisfying H; o G| py = F1, so the diffeo-
morphism Fy: DY — Wy defined by F» = H; o G satisfies F2|D? = F;. Continuing
inductively, we obtain diffeomorphisms F;: DI — W, satisfying F; | pr=1F for all
i € N. Piecing these together, we obtain the desired diffeomorphism R” — M. 0O

We now prove Wilson’s result that basins of attraction are diffeomorphic to
Euclidean space [Wil67, Theorem 3.4].

Theorem 2 (Wilson). Let f be a uniquely integrable continuous vector field on a
smooth n-manifold M, and e € M be an asymptotically stable equilibrium for (1).
Then the basin of attraction B C M is diffeomorphic to R"™.

Proof. By Theorem 1, there is a smooth proper strict Lyapunov function L: B —
[0,00). Let VL be the gradient of L with respect to a smooth Riemannian metric
on M, and p: B — (0,00) be a smooth function such that the vector field —pV L is
complete and generates a smooth flow ®: R x B — B [Har83, Corollary 2]. Then
for any x¢ € B, t — ®'(zy) = ®(t,z0) is the maximal solution to the initial value
problem
& =—p(x)VL(z), x(0)=xo.

Moreover, e is also asymptotically stable for —pV L with basin of attraction B.

Fix an open neighborhood U C B of e that is diffeomorphic to R™. If K C B
is an arbitrary compact set, asymptotic stability implies that there is T' > 0 such
that ®!(K) C U for all t > T. Hence ®~7(U) is an open neighborhood of K that
is diffeomorphic to R™. Thus, Lemma 3 implies that B is diffeomorphic to R™. 0O

Remark 2. In the control literature, a well-known result of Bhat and Bernstein as-
serts that B cannot be diffeomorphic to a vector bundle over a compact manifold of
positive dimension [BB00, Theorem 1]. This also follows from Wilson’s Theorem 2,
since R is contractible (defined below) while any such vector bundle is not.

4. LEVEL AND SUBLEVEL SETS OF LYAPUNOV FUNCTIONS

In this section, we study the nonzero level and sublevel sets of smooth proper
strict Lyapunov functions (as in Theorem 1). If the ambient manifold has dimension
n, then, as we will see, the level sets are homeomorphic to S®~!, and diffeomorphic
to 8?71 if n # 5. Moreover, the sublevel sets are homeomorphic to D", and
diffeomorphic to D™ if n # 4,5. Applications are given in this section and the next.

We rely on Smale’s proof of the topological Poincaré conjecture for smooth man-
ifolds in dimensions greater than 4 and his h-cobordism theorem [Sma61, Sma62],
Freedman’s proof of the topological Poincaré conjecture in dimension 4 [Fre82], the
generalized Schoenflies theorem of Mazur and Brown [Maz59, Bro60], and Perel-
man’s resolution of the Poincaré conjecture in dimension 3 [Per02, Per03b, Per03a].
We summarize the consequences we need in the following lemma.

Recall that a path-connected space X is simply connected if any continuous
map S! = X is homotopic to a constant map, and contractible if the identity map
idx is homotopic to a constant map. A pair of spaces X and Y are homotopy
equivalent if there are continuous maps F': X — Y and G: Y — X such that
G o F and F o G are homotopic to the identity maps of X and Y.
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Lemma 4. Let N be a compact smooth n-manifold with boundary. Assume that
N is contractible and its boundary ON is homotopy equivalent to S™~!. Then N
is homeomorphic to D™, and diffeomorphic to D™ if n # 4,5. Moreover, ON is
homeomorphic to $*~!, and diffeomorphic to S7~ 1 if n # 5.

Proof. Tt is a standard consequence of Smale’s h-cobordism theorem that N is
diffeomorphic to D™ for n > 5 [Sma62, Theorem 5.1], and the same holds for n < 3
by the classification of manifolds of dimensions 1 and 2 ([Mil97, Appendix], [Hir94,
Theorem 9.3.11]). This proves the theorem for n # 3,4, 5.

Since AN is homotopy equivalent to S™~!, the classification of manifolds of
dimension 2 implies that N is diffeomorphic to S"~! for n = 3 [Hir94, Theo-
rem 9.3.11], and the same holds for n = 4 by Perelman’s resolution of the Poincaré
conjecture in dimension 3 [Per02, Per03b, Per03a] (see [MTO07, Corollary 0.2]). For
n = 5, ON is at least homeomorphic to S"~! by Freedman’s resolution of the
topological Poincaré conjecture in dimension 4 [Fre82, Theorem 1.6].

For n = 5, it is then a standard consequence of Smale’s proof of the 5-dimensional
Poincaré conjecture [Sma61, Theorem A] and the generalized Schoenflies theorem of
Mazur and Brown [Bro62, Theorem 4] that N is homeomorphic to D™ (see [Mil65,
Proposition C]). This proves the theorem for n = 5.

For n = 3,4, following [Mil65, p. 111], we construct a compact orientable smooth
n-manifold M by gluing D" to N along a diffeomorphism D™ — ON. By the
Seifert—van Kampen and Mayer—Vietoris theorems, M is simply connected with
the homology of S™ [Hat02, Theorem 1.20, p. 149], so the Hurewicz theorem yields
a continuous map F': S™ — M inducing isomorphisms on homology [Hat02, The-
orem 4.37]. Since M is homotopy equivalent to a CW complex [Hat02, Theo-
rem A.12], it follows from the homology version of Whitehead’s theorem that F' is
a homotopy equivalence [Hat02, Corollary 4.33].

Thus, there is a map G: M — S™ that is a diffeomorphism for n = 3 by Perel-
man’s work, and a homeomorphism for n = 4 by Freedman’s. For n = 3, Lemma 2
provides a diffeomorphism H: S™ — S™ such that H o G(D") is the upper hemi-
sphere and hence H o G(N) is the lower hemisphere, so N is diffeomorphic to D"
if n = 3. And for n = 4, the generalized Schoenflies theorem provides a home-
omorphism H: S™ — S™ with the same properties [Bro62, Theorem 4], so N is
homeomorphic to D™ for n = 4. This completes the proof. (I

Now let M be a smooth n-manifold, f be a uniquely integrable continuous vector
field on M, e be an asymptotically stable equilibrium for the system (1) with basin
of attraction B, and L: B — [0, 00) be any smooth proper strict Lyapunov function.

Theorem 3. Fix any b,c¢ > 0. The sublevel set L=1([0,5]) and level set L~(b)
are respectively diffeomorphic to L71([0,¢]) and L=1(c). Moreover, L=1([0,¢]) is
homeomorphic to D", and diffeomorphic to D™ if n # 4,5. Furthermore, L~!(c) is
homeomorphic to $*~!, and diffeomorphic to S”~1 if n # 5.

Remark 3. Wilson proved that the level sets are homotopy equivalent to S™~!,
and diffeomorphic to S*~1 if n # 4,5 [Wil67, p. 325, Theorem 3.4]. Griine, Wirth,
and Sontag noted that the sublevel sets are diffeomorphic to D™ if n > 5, and the
level sets are homeomorphic to S"~1 if n = 5 [GSW99, p. 130]. Byrnes observed
that the sublevel sets are homeomorphic to D™ [Byr08, Theorem 3.1], and Jongeneel
noted that the level sets are diffeomorphic to S*~1 if n = 3 [Jon26, p. 5]. The heart
of the proof is contained in the references cited to prove Lemma 4.
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Proof. As in the proof of Theorem 2, let VL be the gradient of L with respect to a
smooth Riemannian metric on M, p: B — (0,00) be a smooth function such that
—pV L is complete, and ®: R x B — B be the smooth flow of —pV L. Then e is
also asymptotically stable for —pV L with basin of attraction B.

Consider any a > 0. Since VL is nonzero on B\{e}, the implicit function theorem
implies that the sublevel set N, = L71([0, a]) is a compact smooth n-manifold with
boundary, and ON, = L~ !(a). Each ®-trajectory crosses N, exactly once and
transversely, so the map

(3) R x ON, — B\ {e}, (t,x)+— O(—t,x)

is a diffeomorphism. Let (74, p,): B\ {e} = R x 9N, denote its inverse.

Define a smooth map F: I x ON. — B\ {e} by F(t,z) = Fi(z) = ®(trp(x), x).
Since p. o F; = idgy,, the map F; is an embedding for all ¢ € I. In particular,
ON, is diffeomorphic to ON, = F1(ON,.). The isotopy extension theorem provides
an ambient isotopy G: I x B — B satisfying Gt o Fy = F; and Gy(e) = e for all
t € I, where Gy = G(t,-) [Hir94, Theorem 8.1.3]. In particular, ON, = G1(9ON,),
so the diffeomorphism G also maps the connected component Int N, of B\ N,
containing e to the connected component Int Nj, of B\ ON,, containing e. Thus, G
restricts to a diffeomorphism from N, to Np.

Next, existence of the diffeomorphism (3) implies that N, is homotopy equiva-
lent to B\ {e}, which is diffeomorphic to R™ \ {0} by Theorem 2. Since R™ \ {0}
is diffeomorphic to R x S"~1, it follows that ON, is homotopy equivalent to S™~!.
Finally, we showed in the proof of Proposition 3 that N, is contractible (via the
homotopy (2)), so applying Lemma 4 completes the proof. a

We now give two applications of Theorem 3. The first extends the Hartman—
Grobman theorem [Har60, Gro59] to nonhyperbolic but asymptotically stable equi-
libria of vector fields, and the second is related to a question of Conley [ConT78].

Recall that f is complete if all maximal solutions z(t) of (1) are defined on R.

Proposition 4. If f is complete, there is a homeomorphism H: B — R" satisfying
(4) H(x(t)) = e~ " H(x(0))

for all solutions z(t) of (1). Moreover, if n # 5 and f is C* with k € NU {oo}, then
H may be chosen to restrict to a C* diffeomorphism B\ {e} — R" \ {0}.

Remark 4. The first trace of this result seems to be in work of Coleman, who
proved a local version of the first statement under the assumption that there is
a Lyapunov function with level sets homeomorphic to spheres [Col65, Col66] (see
[Wil78, p. 247]). The proof below follows [KS25, Theorem 2], which in turn follows
one sketched by Griine, Wirth, and Sontag for n # 4 [GSW99, p. 133].

Remark 5. For the second statement, the proof requires only that f generates a
C* flow on the complement of the equilibrium. (The vector field generating a C*
flow need only be C*~! [Har83].)

Remark 6. Techniques similar to those in the proof below can be used to prove an
extension of the Morse lemma [Mor96] (see [Mil63, Lemma 2.2]) to local minima of
non-Morse functions, as contained in a result of Griine, Wirth, and Sontag [GSW99,
Proposition 1] (see also [KS25, p. 3]).
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Proof. Define N = L71([0,1]), so that 9N = L~!(1). By Theorem 3, we may fix
a homeomorphism F: 9N — S"~! and we may require it to be a (C°°) diffeo-
morphism if n # 5. Let ®: R x B — B be the flow generated by f|g, so that
t — ®(t,x0) is the maximal solution to (1) satisfying x(0) = zo.

Similarly to the proof of Theorem 3, the map

(5) R x ON — B\ {e}, (t,x)— (—t,x)

is a homeomorphism, and a C* diffeomorphism if ® is C*. Let the inverse be
denoted by (7,p): B\ {¢} - R x ON. Since 7(z) - —oco as ¢ — e, the map
H: B — R™ defined by H(e) =0 and

H(z) = " F(p(a))
for € B\ {e} is a homeomorphism that, if n # 5 and ® is C*, restricts to a
C* diffeomorphism B\ {e} — R" \ {0}. And (4) holds since p o ®'|p\ (o} = p and
To®p\(y =7 —tforallt eR. O

Given a pair of dynamical systems and invariant subsets thereof, it is natural to
wonder whether one pair can be deformed, or continued, into the other. In a topo-
logical setting, Conley proved that the isolated invariant sets must have isomorphic
Conley indices for such a continuation to exist [Con78, Section IV.2], and he asked
to what extent the converse is true [Con78, Section IV.8.1.A]. We refer the reader
to [Con78, pp. 51, 65] for the definitions; here we simply note that asymptotically
stable equilibria have isomorphic Conley indices, and the following result gives a
continuation with particularly strong properties. It gives a partial affirmative an-
swer in the special case of globally asymptotically stable equilibria, which, to the
author’s knowledge, does not appear in the literature (but see Remark 9).

For the statement, recall that a flow is a map ®: R x M — M satisfying
®0 = idy; and Pt = ®° o Bt for all 5, € R, where & = &(t,-): M — M.
An equilibrium is a fixed point of ® for all t € R. Asymptotic stability and
basins of attraction of such equilibria are defined exactly as in Section 2, using
P-trajectories ¢ — ®*(z) in place of solutions to (1). An equilibrium is globally
asymptotically stable if its basin of attraction is all of M. A path {®,}scs of
flows ®5: R x M — M is continuous if the associated map (s,t,z) — @ (z) is.

Proposition 5. Let g, i be continuous and uniquely integrable vector fields with
globally asymptotically stable equilibria ey, e, € M. Assume that g, h are complete,
so that they generate continuous flows @4, ®;: R x M — M. Then there exists a
continuous path {®,}c; of flows from ®; = ®, to ®; = P} such that ¢, has a
globally asymptotically stable equilibrium e, for all s € I. Moreover, if e; = ey,
then we may arrange that e; = e, for all s € I.

Remark 7. Every continuous vector field that is uniquely integrable and complete
generates a continuous flow [Har82, Theorem V.II.1], but the converse does not hold,
leading to challenges for smooth converse Lyapunov theorems [FP19, Section 7].

Remark 8. The path {®,}sc; constructed is of the form ®! = H o (IJZ o H Y
where Hy = H(s, ) for a topological ambient isotopy H: I x M — M, meaning
H is continuous, Hy = idys, and Hs: M — M is a homeomorphism for each s € I.

Remark 9. If g, h are not complete, then they still generate semiflows (by the
definition of global asymptotic stability), and the conclusion of Proposition 5 still
holds with “flow” replaced by “semiflow”. To prove this, first homotopically rescale
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g, h to be complete (cf. [Har83, Corollary 2]) and then apply the proposition. This
extends a theorem of Jongeneel, which assumed that n # 5 and g, h are locally
Lipschitz [Jon26, Theorem 3.6], resolving [Jon26, open problem 2].

Proof. By Theorem 2, we may assume that M/ = R™. Then by Proposition 4, there
are homeomorphisms Fy, F,: R” — R" such that, for all ¢ € R,

Fgo<I>§:e_toFg and Fjo® =e ‘o F,.

Since any linear map commutes with e ~*, we may assume that F, F}, are orientation-

preserving after post-composing each with a reflection of R™ if necessary.

The homeomorphism G: R™ — R" defined by G = F{l o F, satisfies ) = G o
@z oG~ ! forallt € R. Since G is orientation-preserving, the stable homeomorphism
theorem provides a topological ambient isotopy H: I x R™ — R satisfying H; = G
[Kir69, Qui82] (see [Kir69, p. 576], [Edw84, p. 247]). The formula

O, =H,0®, o H!

then defines a continuous path {®,}scr of flows from ®¢ = &, to ®; = P}, such that
®, has the globally asymptotically stable equilibrium e; = H(e,) for all s € I. If
eqg = e, then Hy(e,) = eg4, and we instead replace H with the topological ambient
isotopy H: I x R™ — R"™ given by

Hy = Hg —es+ey.

5. THE SPACE OF ASYMPTOTICALLY STABLE VECTOR FIELDS

In Sections 3 and 4, we studied spaces related to asymptotically stable vector
fields. In this section, we instead study the function space of all such vector fields.

More precisely, we say that a continuous and uniquely integrable vector field is
asymptotically stable if it has a globally asymptotically stable equilibrium. As
we know from Theorem 2, the domain of such a vector field is diffeomorphic to
Euclidean space, so we need only consider asymptotically stable vector fields on
R™. Fixing k € N>; U {00}, we define

SF(R™) = {C* asymptotically stable vector fields on R"}

and equip this space with the C* topology, also known as the compact-open or
weak C* topology. This is the topology of uniform convergence on compact sets of
not only the functions but also all derivatives up to order k [Hir94, Section 2.1]. As
evidenced by the applications to be discussed, this is the natural choice.

Recall that a weak homotopy equivalence is a continuous map between spaces
that induces a bijection on path-components and isomorphisms on all homotopy
groups [Hat02, p. 340, 352]. Weak homotopy equivalences also induce isomorphisms
on all homology and cohomology groups [Hat02, Proposition 4.21]. Spaces X and
Y have the same weak homotopy type if they are equivalent in the equivalence
relation generated by weak homotopy equivalences, so are connected by a zigzag

X721 —>Zy— = Zp 1 Zn—Y

in which each map is a weak homotopy equivalence.
Our goal is to motivate and sketch the proofs of the following pair of results.
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Theorem 4 ([Kva25a]). If n # 4,5, then S¥(R") has the same weak homotopy
type as the nonlinear Grassmannian

Gr(D™,R") = Emb(D",R")/Diff(D")
of submanifolds of R™ diffeomorphic to the n-disc D".

Here Gr(D"™,R") is topologized as the quotient of the space Emb(D™,R") of
C*> embeddings D" < R™ by the natural right action of the group Diff(D") of
diffeomorphisms of D™, where the latter spaces have the C* topology [GBV14].

In particular, S*(R") and Gr(D",R™) have isomorphic homotopy, homology, and
cohomology groups if n # 4, 5. Recall that a path-connected space X is simply con-
nected if and only if its first homotopy group is trivial, and weakly contractible
if all of its homotopy groups are trivial.

Corollary 1. The space S¥(R") is both path-connected and simply connected if
n # 4,5, and weakly contractible if n < 4.

The corollary follows from the theorem and the fact that Gr(D™, R™) is path-
connected for all n, simply connected if n # 4,5, and weakly contractible if n < 4.
Path-connectedness follows from the disc theorem (Lemma 2). Weak contractibility
for n < 4 follows from Smale’s result that the space Diffs(D?) of diffeomorphisms of
the 2-disc restricting to the identity on dD? is contractible [Sma59], and Hatcher’s
proof of the analogous Smale conjecture for D3 [Hat83]. Simple connectivity for
n > 5 follows from Cerf’s proof of the pseudo-isotopy theorem, in which he devel-
oped one-parameter versions of Smale’s handle-theoretic methods [Cer70]. These
implications are explained in detail at the end of this section (see Lemma 5) using
techniques from the study of embedding spaces [ABK72, Bud08, CMRW17, Kup19].

Remark 10. By a theorem of Hirsch, any smooth 4-manifold homeomorphic to
S% is a nonzero level set of some smooth proper strict Lyapunov function [Hir65,
Theorem 2]. Using this result, it can be shown that S*(R®) is path-connected if
and only if the 4-dimensional smooth Poincaré conjecture is true [Kva25a, Proposi-
tion 2], which is also true if and only if the second statement of Proposition 4 holds
for n = 5 [KS25, Proposition 1].

Remark 11. Theorem 4 and Corollary 1, as well as later results in this section, also
hold for the subspaces S¥(R") C S¥(R") of asymptotically stable vector fields with
specified equilibrium e € R™. The results also hold for the subspaces of (backward)
complete vector fields. (Forward completeness follows from asymptotic stability.)

Before sketching the proof of Theorem 4, we motivate it with some applications.
5.1. Applications.

5.1.1. Boundary value problems. Asymptotic stability models a kind of robust steady-
state behavior that is useful for many real-world systems. In particular, a central
goal in control theory is to achieve this property by means of a feedback control
law [Son98, Cor(07, Zab20, JM23].

Just as one wants to tune an elevator so that it comes smoothly to rest, it is
natural to design stabilizing feedback laws depending on parameters that can be
adjusted to produce desired transient behaviors. This leads to the following.

Question. If stabilizing feedback laws have been designed for some parameter
values, when can the design be extended to all parameter values?
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D1

FIGURE 2. Proposition 6 gives conditions ensuring that any C*
family of asymptotically stable vector fields parametrized by p €
OP admits an extension to such a C* family parametrized by p € P.

Smooth extensions of such designs are of particular interest. In certain cases, the
following result guarantees existence of solutions to this smooth extension problem
or, equivalently, boundary value problem. See Figure 2. For the statement, a family
{fo}tpep of maps f,: X — Y is C* if the map (p,z) — f,(x) is.

Proposition 6 ([Kva25a]). Let P be a compact smooth manifold with boundary
and {f,},cor be a CF family of vector fields f, € S¥(R™). Then there is a C*
family {g,}pep of vector fields g, € S¥(R") extending {f,}pcop, provided either
(i)n<4or (i) n>5and dimP < 3.

This proposition is proved as follows. By Corollary 1 and homotopy theory, there
is a continuous family {h,}pep of vector fields h, € S¥(R") extending {f,}pecar
[Hat02, Lem. 4.7]. This continuous family is then upgraded to the desired C* family
{9p}pep using smoothing methods.

5.1.2. Conley’s question and smooth continuation. Taking the parameter space
P =1[0,1] in Proposition 6 gives a smooth version of the partial answers to Con-
ley’s continuation question [Con78, Section IV.8.1.A] provided by Jongeneel [Jon26,
Theorem 3.6] and Proposition 5 (Figure 3). Taking P to be of the more general
form [0,1] x @ then yields a further parametric extension of this partial answer.
These results are stated in terms of global asymptotic stability for convenience
in the present paper, but they can also be converted into statements about contin-
uation and boundary value problems involving local asymptotic stability [Kva25a].
Using techniques from Smale’s proof of the h-cobordism theorem [Sma62], Rei-
neck proved a theorem giving another smooth partial answer to Conley’s question
[Rei91, Rei92]. Using Cerf theory [Cer70], Mischaikow and Parikh have recently ob-
tained one-parameter extensions of some of Reineck’s results [MP26]. However, in



14 MATTHEW D. KVALHEIM

— ————— —

Ficure 3. Continuation of asymptotically stable vector fields.

our context, the continuations in these references may encounter isolated invariant
sets more complicated than equilibria, which we aim to avoid here.

5.1.3. Parametric Hartman—Grobman theorem without hyperbolicity. Proposition 6
can be used to give a short proof of the following parametric extension of Theorem 3.

Theorem 5 ([Kva25al). Let P be a compact smooth manifold with boundary and
{Lp}pep be a smooth family of proper strict Lyapunov functions L,: R™ — [0, c0)
for some continuous family of asymptotically stable vector fields. Given a > 0, let

N, = Up{p} x L;'([0,a]) C P x R™.

Fix b,¢ > 0. Then there is a diffeomorphism F': N, — N, satisfying Pry oF =
Pri |n,. Moreover, there is a diffeomorphism G: N, — P x D™ satisfying Pry oG =
Pr; |n, provided either (i) n < 4 or (ii) n > 5 and dim P < 2.

In the same way that Theorem 3 led to Proposition 4, the above theorem leads
to the following parametric extension of the latter result, a parametric Hartman—
Grobman theorem for nonhyperbolic but asymptotically stable equilibria.

Proposition 7 ([Kva25a]). Let P be a compact smooth manifold with boundary
and {fp}pep be a continuous family of complete asymptotically stable vector fields
fp onR™. Then if either (i) n < 4 or (ii) n > 5 and dim P < 2, there is a continuous
family {H,}pep of homeomorphisms H,: R™ — R” satisfying

(6) Hy(w(t)) = e~ Hy(,(0))

for all solutions of @, = f,(z,), p € P. Moreover, if {f,},cp is a C* family
with & € N U {oo}, then {H,},cp may be chosen to restrict to a C* family of
diffeomorphisms on the complement of the set of equilibria.

Remark 12. While this proposition is a parametric extension of Proposition 4,
the latter has fewer dimensional restrictions.

Remark 13. As in Remark 5, for the second statement of Proposition 7, the proof
requires only that {f,},cp generates a family of flows that is C* on the complement
of the set of equilibria.

Remark 14. As in Remark 6, techniques similar to those in the proof of Propo-
sition 7 can be used to prove a parametric extension of the Morse lemma for local
minima of non-Morse functions due to Griine, Wirth, and Sontag [GSW99, Propo-
sition 1] (see [Kva25al).
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5.2. Proof sketch. In this section, we sketch the proof of Theorem 4 and deduce
Corollary 1. Theorem 4 is proved by constructing a pair of weak homotopy equiv-
alences from a suitable space of Lyapunov functions to S¥(R™) and Gr(D",R").

5.2.1. Reduction to the space of Lyapunov functions. Let L(R™) denote the space
of proper surjective smooth functions R® — [0, c0) having a unique critical point,
which is necessarily the unique point attaining the global minimum 0. Let L£q(R™)
denote the subspace of functions equal to 0 at the origin. We equip both L(R™)
and Lo(R") with the C* topology.

Remark 15. By Theorem 1 and consideration of gradient flows, £(R™) coincides
with the space of all smooth proper strict Lyapunov functions for asymptotically
stable vector fields on R™. Similarly, £o(R"™) coincides with the subspace of such
Lyapunov functions for which the equilibrium of the vector field is at the origin.

Theorem 6 ([Kva25a]). There is a commutative diagram of embeddings

LR") < Sk(R™)

] ]

Lo(R") < SK(R™)
in which the “take the negative gradient” maps are weak homotopy equivalences,
and the vertical maps are homotopy equivalences given by subspace inclusion.

A sketch of a proof follows.

First, parametrically translating functions yields strong deformation retractions
of L(R™) and S¥(R™) onto Lo(R") and SF(R™), respectively, implying that the
vertical maps are homotopy equivalences.

Next, to prove that the horizontal maps are weak homotopy equivalences, one
must consider a continuous family {f,},epm of vector fields f, € S¥(R") satisfying
fp € =VL(R™) for p € D™ and construct a homotopy through such families, fixed
on 9D™, to a family {gp}pepm satisfying g, € —VL(R") for all p € D™ [Hat02,
p. 343].

The family {g,}pepm can be constructed as the negative gradient of a suitably
adjusted family of functions provided by Wilson’s converse Lyapunov function theo-
rem [Wil69, Theorem 3.2], [FP19, Section 6], which is a generalization of Theorem 1
to asymptotically stable compact invariant sets beyond equilibria. The homotopy
between the families can then be chosen to move in straight lines.

5.2.2. Reduction to the nonlinear Grassmannian of discs. In the proof of Theo-
rem 3, we used asymptotically stable vector fields to study sublevel sets of Lya-
punov functions. Together with Theorem 6, the next result will allow us to turn
this around: we will use the space of Lyapunov function sublevel sets to study the
space of asymptotically stable vector fields.

Let Gro(D™,R™) be the open subspace of the nonlinear Grassmannian Gr(D™, R™)
consisting of neighborhoods of 0 € R™. By Theorem 3, the 1-sublevel set L=1([0, 1])
of any L € Ly(R") is diffeomorphic to D™ provided n # 4,5, so it can be viewed as
a point in Gro(D™,R™). Thus, the following statement makes sense. See Figure 4.

Theorem 7 ([Kva25a]). If n # 4,5, the sublevel set map defined by
q: Lo(R") — Gro(D",R™), ¢(L) = L7'([0,1])
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- B

FIGURE 4. Level sets of a function in L£o(R?), and the image of
this function under the sublevel set map (see Theorem 7).

is a surjective and locally trivial fiber bundle with weakly contractible fibers. In
particular, it is a weak homotopy equivalence.

Remark 16. It is straightforward to show that the inclusion Gro(D™,R") —
Gr(D™ R") is a weak homotopy equivalence. Thus, Theorems 6 and 7 imply that
S¥(R™) has the same weak homotopy type as Gr(D™, R"), establishing Theorem 4.

A sketch of a proof of Theorem 7 follows.

First, a theorem of Abraham on smoothness of evaluation maps [AR67, The-
orem 10.3] and the implicit function theorem of Hildebrandt and Graves [HG27,
Theorem 4] imply that ¢ is continuous. The disc theorem (Lemma 2) then implies
that ¢ is surjective and Gro(D™,R") is path-connected.

Next, to show that ¢ is a (locally trivial) fiber bundle, we need to construct a
local trivialization over a neighborhood of an arbitrary M € Gro(D™, R™). Given
M, we can use a tubular neighborhood of its boundary to construct a neighborhood
U C Gro(D™,R") and a continuous map ¥: U — Diff(R") satisfying U(N)(M) =
N and ¥U(N)(0) = 0 for all N € U. We now define the fiber Fp; = ¢~ (M) and
map F: ¢~Y(U) — Far by

F(L)=Lo¥(g(L)).
The map (q, F): ¢~ 1(U) — U x Fyy is continuous, and it is a homeomorphism since
it has a continuous inverse G: U x Fyy — ¢~ 1(U) given by G(N,J) = Jo ¥(N)~ L.
Thus, ¢ is a fiber bundle.

To show that g has weakly contractible fibers, since Gro(D™, R"™) is path-connected,
it suffices to show that F := Fpn = ¢~ 1(D") is weakly contractible. Note that F
is just the set of functions in L£o(R™) whose 1-sublevel set is the standard n-disc.
Thus, it is intuitive that there is a homotopy from any given continuous family
{Lp}pesm of functions L, € Lo(R™) through such families to the constant family
of functions z + |x|? by “parting the sea” of level sets away from 9D" = S"~1
replacing the sea with level sets of o + |z|?, and composing with a suitably “flat”
function to smooth any singularities arising at the origin. See Figure 5.

Since ¢ is a fiber bundle with weakly contractible fibers, it is a weak homotopy
equivalence by the long exact sequence of homotopy groups of a fibration [Hat02,
Theorem 4.41].

5.2.3. Homotopy groups of the nonlinear Grassmannian. Corollary 1 is a conse-
quence of Theorem 4 together with the following result. The proof applies re-
sults of Smale, Cerf, and Hatcher [Sma59, Cer70, Hat83] using a result of Gay-
Balmaz and Vizman [GBV14] and techniques from the study of embedding spaces
[ABK72, Bud08, CMRW17, Kup19].
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:

FIGURE 5. Schematic homotopy in the standard fiber F = {L €
Lo(R™): L71([0,1]) = D"}. This can be done parametrically to
establish weak contractibility of F, as in the proof of Theorem 7.

Lemma 5. Gr(D" R") is path-connected for all n, simply connected if n # 4,5,
and weakly contractible if n < 3.

Proof. As noted in the proof of Theorem 7, the disc theorem of Palais and Cerf
implies that Gr(D™, R™) is path-connected for all n. We now prove the remaining
statements using results of Smale, Cerf, and Hatcher [Sma59, Cer70, Hat83].

By generalizing a theorem of Binz and Fischer [BF81] based on an idea implicit
in work of Weinstein [Wei71], Gay-Balmaz and Vizman proved that the natural
quotient map

Emb™ (D™, R") — Gr(D™,R"), f+ f(D")
is a principal Diff " (D™)-bundle, hence also a Serre fibration, where Emb™ and Diff "
denote orientation-preserving embeddings and diffeomorphisms [GBV14]. Thus,
there is a long exact sequence of homotopy groups [Hat02, Theorem 4.41]

- mDifft (D") —— mEmb™ (D", R") —— 7, Gr(D",R")---

containing the segment

surjective
E—

T, Difft (D™) mEmbT (D", R") —%— 7, Gr(D", R™) U

(7)

injective
[» mp_ 1 DiffH (D) Y Emb* (D", R™)

To see that the indicated maps are indeed surjective, note that they are induced
by the top inclusion in the commutative diagram

Difft(D") «—— Emb™ (D", R")

(8) ]\l

(n) —— GL*(n)

in which the diagonal and right vertical maps are “evaluate the derivative at a
point”. The bottom inclusion is a homotopy equivalence by the Gram-Schmidt
process, so the diagonal map is surjective on homotopy groups. And the right
vertical map is a homotopy equivalence by “zooming in” at the origin, so the top
inclusion is indeed surjective on homotopy groups. Exactness then implies that the
other maps in (7) are 0 or injective where indicated.

Cerf’s pseudo-isotopy theorem implies that moDifft(D™) is trivial for n > 5
[Cer70], so injectivity of the long map in (7) implies that 7 Gr(D" ,R"™) is trivial
and hence Gr(D",R™) is simply connected for n > 5.
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It remains only to show that Gr(D"™, R™) is weakly contractible if n < 4. By
exactness, it suffices to show that the surjections in (7) become bijections if n < 4.
Since those maps are induced by the top inclusion in (8), it suffices to show that
the diagonal map in (8) is a weak homotopy equivalence if n < 4.

Let Fr™(7'S"~1) be the bundle of positively oriented (n — 1)-frames of vectors
tangent to S”~!. The diagonal map in (8) is homotopic to the composition

Difft (D7) —2— Difft(s7-1) L BH(TS" 1) <= GL*(n)

of the restriction map p, the map F given by adjoining the value and derivative at
the north pole of S~ !, and the inclusion map. The inclusion map is a homotopy
equivalence by the first step of the Gram-Schmidt process, so we need only prove
that p and F' are weak homotopy equivalences if n < 4.

Cerf’s first fibration theorem implies that p is a fiber bundle [Cer61, Section 11.2.2.2,
Corollary 2], and the fiber over idgn-1 is

Diffs(D") := {diffeomorphisms of D™ that are the identity on D" }.

This fiber is contractible for n = 1 by a convexity argument, for n = 2 by a theorem
of Smale [Sma59], and for n = 3 by Hatcher’s proof of the Smale conjecture [Hat83].
Thus, p is a weak homotopy equivalence for n < 4 by the long exact sequence of
homotopy groups of a fibration [Hat02, Theorem 4.41].

To complete the proof, we need to show that F' is a weak homotopy equivalence
for n < 4. This is trivial for n = 1, so we need only consider 1 < n < 4. Observe
that F' factors as the composition

Diff* (5"~!) —— Emb* (D}, S""1) —=— Emb*(Int D}, S"71) j

~

[» Frt(Tsm1)

in which Diﬁl is the upper hemisphere of S™~1, the first two maps are restrictions,
and the long map adjoins the value and derivative at the north pole. The long map is
well-known to be a weak homotopy equivalence [Cer61, Section 11.5.1.5, Corollary].
The second restriction is a homotopy equivalence since it is given by composition
with the inclusion map Int Difl — fol? which has an inverse up to isotopy
corresponding to the linear embedding D"~ < Int D" ™1, z %x So we need only
show that the first restriction is a weak homotopy equivalence. That restriction is a
fiber bundle by Cerf’s first fibration theorem [Cer61, Section 11.2.2.2, Corollary 2],
so by the long exact sequence of homotopy groups [Hat02, Theorem 4.41] it suffices
to observe that its fiber

Diff($"~! rel D}') ~ Diffy(D™ )
over the inclusion map is weakly contractible by the aforementioned convexity ar-

gument for n = 2 and theorem of Smale for n = 3 [Sma59]. This proves that F' and
hence also the diagonal map in (8) are weak homotopy equivalences for n < 4. O
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